FUNCTIONAL VOLUME 10
DIFFERENTIAL 2003, NO 1-2
EQUATIONS PP. 307 314

NONLOCAL PARABOLIC PROBLEMS WITH THE SUPPORT
OF NONLOCAL TERMS INSIDE A DOMAIN *

R.V. SHAMIN f

Abstract. In this paper we consider the nonlocal problem with the support of nonlocal
terms inside a domain for a parabolic equation. Unique solvability of this problem and
smoothness of strong solutions are proved. The proofs are based on the semigroups theory
and on the spectral properties elliptic nonlocal problem in Sobolev spaces.
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1. Introduction. In this paper we study the nonlocal parabolic prob-
lem with the support of nonlocal terms inside a domain. Such problems
emerge in physics, for example, in nonlinear optics and plasma theory (see
[1], [2], [3])- Nonlocal parabolic problems are closely connected with parabolic
functional differential equations. Parabolic functional differential equations
were studied in [4], [5].

Studying of nonlocal parabolic problems in this paper is based upon the
estimation of resolvent for elliptic nonlocal problems obtained by A.L. Sku-
bachevskii, see [6].

2. Statement problem. We consider the parabolic equation

n

(1) uel,t) = Y (ag(@)us,(2,)e, + Aru(t) = f(z,) ((@,t) € Qr)

ij=1
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with the nonlocal boundary condition

(2) (u(z,t) + Bru(, 1)), + Bau(,t) =0 ((z,t) € I'r)
and with the initial condition

(3) U = (x) (2 E€Q).

Here @ C R™ is a bounded domain with boundary 9@ € C* (a bounded
open interval if n = 1); Qr = Q x (0,7), I'r = 0Q x (0,7), 0 < T < oc;
a;; € C®°R") (i,j = 1,...,n) are real-valued functions ) a;;(2)&& > 0,
ij=1

0 # ¢ € R™; the operator A; : H(Q) — Lo(Q) is bounded; the operators
By, B,, satisfy conjectures 1, 2.

We assume that the following conditions hold:

CONJECTURE 1. By : Ly(Q) — Lo(Q) is a linear bounded operator such
that their restriction By : H*(Q) — H?(Q) is also a bounded operator, and

| Biu|| o) < crllull Loy, (u € Ly(Q))

IBrulliz@) < callullmey, — (uw€ HYQ))

where Qs = {z € Q : o(x,0Q) >0 > 0}; ¢1,c0 > 0.

CONJECTURE 2. By : Ly(Q) — Lo(0Q) is a linear bounded operator
such that their restriction By : H¥?(Q) — H**(0Q) is also a bounded oper-
ator.

We introduce the unbounded operator £, : D(L,) C Lyo(Q) — Lo(Q),
by formula £ u = (Ao + A1)u, u € D(L,) = {u € H*(Q) : Bu = 0}, where
Aou = — 'Zl(aij(:ﬁ)u“(m))zj, Bu = (u+ Blu)|8Q + Byu.

Z?j:

Let A : D(A) C Ly(Q) — Lo(Q) be a closed operator, and let D(A)
be dense in Ly(Q)). We introduce the Hilbert spaces D(A) and V(A) =
Ly(0,T;D(A)) with the inner products

(¢, )pay = (Ap, AV) 1) + (0, ¥)1a@) (9,0 € D(A)),

T
(u, v)ya) = /(U,U)D(A)dt.
0
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We also define the Hilbert space W(A) = {w € Ly(0,7;D(A)) : w, €
Ly(0,T; Ly(Q))}

T

(u, V)wia) = (4, V)va) + / (s, v) L@t
0
Here we consider derivatives in the sense of distributions in Q.
DEFINITION 1. A function u € W(L,) satisfying (1), (3) is called a
strong solution of problem (1)-(3).

3. Nonlocal boundary conditions with the support of nonlocal
trems inside a domain. We will use semigroup theory to study strong
solvability.

The spectrum of the operator £, was studied in [6].

THEOREM 1. Assume that the Conjectures 1 and 2 hold.

(a) The spectrum of the operator L. is discrete and if X ¢ o(L,) then
the resolvent R(\; L) is a compact operator.

(b) For any 0 < e < 7 there exists ¢ > 0 such that o(L,) C ., ={X €
C: |\ <gq,|arg | < e}.

(c) If X & Q. then
(4) 1RO L)1 <
where c3 > 0.

Proof. (a) and (b) follow from Theorem 21.3 [6, Chapter 5].

We take f € Ly(Q) and A ¢ Q. ,. From Theorem 21.2 [6, Chapter 5] it
follows that

1/2
6) (1RO L) ) + APIRO L) f o) < call Fllacer

From here it follows (4). O

Using Theorem 1 and Criterion [7, Chapter 1], we get the next theorem.

THEOREM 2. If the operator L., have the dense domain D(L.), then
the operator —L., is an infinitesimal generator of analytic semigroup {T;}

THEOREM 3. Assume that the Conjectures 1 and 2 hold and the domain
D(L,) is dense in Ly(Q).

Then for all f € La(Qr) and ¢ € D(L,,) problem (1) — (3) has a unique
strong solution. Moreover, this solution is given by the formula

t

(6) u(z,t) = Typ(z) + /Tt—sf(x, s)ds,

0
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where {T};} (t > 0) is the analytic semigroup generated by the operator —L..
Proof. We shall consider problem (1)—(3) as an abstract Cauchy problem
for parabolic equation in the space Ly(Q). By virtue of Theorem 3.7 [7,
Chapter 1], problem (1)—(3) has a unique strong solution. Moreover, this
solution is given by (6). O
ExAaMPLE 1. We consider equation

- () = 3 (a0 (w)us (@) +
7 . ig=1
Yobi(x)ug, (z,t) + c(x)u(z, t) = f(x,t) ((x,t) € Qr)

i=1
with the nonlocal condition

S

(8) > vs(@)ulws(@), t)lagxom) =0

s=0

and with the initial condition

(9) Uy = o) (2 €Q),

where a;;, b;, ¢, 75 € C*(Q) are real-valued functions; w; are infinitely differ-
entiable nondegenerate transformations mapping some neighborhood I' of the
boundary 9Q onto the set w,(I') so that w(T') C Q if s > 0 and wy(z) = =,
Yo(x) = 1. In addition we assume that

(10) [(ws(T) =0

for some neighborhood T'.
As demonstrated in example 21.1 [6, Chapter 5], nonlocal condition (8)
can be formulated as (2) with in By = 0.

We define the operator A; by formula Aju(z) = Z bi() Uy, () +c(x)u(z).

So we have problem (7)-(9) as problem (1)—(3). By Vlrtue of (10) it is easily
shown that D(L,) = Ly(Q). By virtue of Theorem 3 problem (7)-(9) has
a unique strong solution for all f € Lo(Qr) and ¢ € H?*(Q) such that
S

;)Vs(l‘)sp(ws(x)”(%? = 0.
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4. Nonlocal boundary conditions in a cylinder. We consider the
parabolic equation (1) with the nonlocal boundary value

(u(z, 1) + Biu(, 1) e, =s,yxax01) + B (- H)u =0
(11) (#',1) € G x (0, T)p=1,2)

ulfo,axaGx0,r) = 0

and with initial value (3). Here Q = (0,d) x G, G C R""! is a bounded
domain with boundary 0G € C*ifn > 3, Qr = @x(0,T) z = (x1,...,2,) €
R", 2’ = (z2,...,2,) € R"! s, =0, sy = d; the opertors By, By, = 1,2
satisfy conjectures 3, 4.

We assume that the following conditions hold:

CONJECTURE 3. By : Ly(Q) — Lo(Q) is a linear bounded operator such
that their restriction BY : H*(Q) — H*(Q) is also a bounded operator, and

IBrullra@ < eillull gy, (u€ La(Q))

1BYull2g) < cllullag,, — (u€ HA(Q))

where Qs = (0;d — 8) x G § > 0; ¢1,¢5 > 0.

CONJECTURE 4. BY : Ly(Q) — Lo(G) is a linear bounded operator such
that their restriction BY : Hg/2(Q) — Hg’/2(G) is also a bounded operator.
Here we denote the spaces HY(Q) and HY(G) k > 1. HY(Q) and HE(G) are
the subspaces of functions in H*(Q) and H*(G), respectively, whose traces
vanish on [0, d] x OG and OG, respectively.

We introduce the unbounded operator £, : D(L,) C La(Q) — Lo(Q), by
formula L u = (Ag + Ay)u, u € D(L,) = {u € HZ(Q) : B*u =0, = 1,2},

where Agu = — >~ (aij(2)uq,(2))a;, B'u = (u+ Bi'u) + Bhu, p=1,2.

ley =5

ij=1

DEFINITION 2. A function w € W(L,) satisfying (1), (3) is called a
strong solution of problem (1), (11) and (3).

The spectrum of the operator £, was studied also in [6].

THEOREM 4. Assume that the Conjectures 3 and 4 hold.

(a) The spectrum of the operator L, is discrete and if X\ ¢ o(Ly) then
the resolvent R(\; L) is a compact operator.

(b) For any 0 < e < m there exists ¢ > 0 such that 0(Ly) C Qe y.

(c) If X & Q. , then

C
(12) [R(A; Lo) || < ﬁ
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where c3 > 0.

Proof. (a) and (b) follow from Theorem 22.2 [6, Chapter 5.

We take f € Ly(Q) and A ¢ Q. ,. From Theorem 22.1 [6, Chapter 5] it
follows that

1/2
(13) (IR £)f o) + INEIROG L) f ) < eall flrace

From here it follows (12). O

Using Theorem 4 and Criterion [7, Chapter 1], we get the next theorem.

THEOREM 5. If the operator L, have the dense domain D(L,), then
the operator —L, is an infinitesimal generator of analytic semigroup {T;}
(t> 0)in Ly(Q).

THEOREM 6. Assume that the Conjectures 3 and 4 hold and the domain
D(L,) is dense in La(Q).

Then for all f € Ly(Qr) and ¢ € D(L,) problem (1), (11) and (3) has
a unique strong solution. Moreover, this solution is given by the formula

t

(14) u(z,t) = Typ(z) + /Ttsf(:c, s)ds,

0

where {T;} (t > 0) is the analytic semigroup generated by the operator —L,.
Proof. We shall consider problem (1), (11) and (3) as an abstract Cauchy
problem for parabolic equation in the space Lo(Q). By virtue of Theorem
3.7 [7, Chapter 1], problem (1), (11) and (3) has a unique strong solution.
Moreover, this solution is given by (14). O
ExAaMPLE 2. We consider equation

wl,t) = 3 (g (@), (2.0))s, +
(15) " .

2. bi(@)ug,(2,1) + c(z)u(z, ) = f(z, 1) ((x,1) € Qr)

i=1
with the nonlocal condition

u|11:5u + ;bm(x/)u|w1:di = 0 (lu = 17 2)
U 0

(16)

[0,d]x0G X (0,T)

and with the initial condition

(17) Uy = 9(2)  (r€Q),
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where a;;,b;,¢,b,; € C*(G) are real-valued functions.
As demonstrated in example 22.1 [6, Chapter 5], nonlocal conditions (16)
can be formulated as (11).
We define the operator A; by formula Aju(x) = Y b;(x)u,, (x)+c(z)u(z).
i=1

So we have problem (15)—(17) as problem (1), (11) and (3). It is easily shown

that D(L,) = L2(Q) By virtue of Theorem 6 problem (15)-(17) has a unique
strong solution for all f € Ly(Q7) and ¢ € H*(Q) such that

Play=sp T ;bui($/)¢|zlzdi =0 (u=1,2)
= 0.

Plio,ajxoG

5. Smoothness of strong solutions. In this section we demonstrate
that strong solutions of nonlocal parabolic problem belong to Sobolev spaces.

We denote by H**(Qr) the Sobolev space of complex-valued functions
with the norm

1/2

lull s iory =3 Y / DD, t)[Pdadt + / lu(z, t)[*dadt
Qr

la+28|<2k Or

We consider problem (1)—(3).

THEOREM 7. Suppose all the conditions of Theorem 3 hold. Let u be a
strong solution of problem (1)-(8). Then u € H*'(Qr).

Proof. From equation (1) we have

(18) Lyu(-t) = F(,1),

where F'(-,t) = f(-,t) —w(-,t) € Lo(Qr) and u(-,t) € D(L,) for ae. t €
(0,7). Since D(L,) C H*(Q) and from (18) it follows that

and
(19) [ull 2@y < all Fllz.@

for a.e. t € (0,T), where ¢; > 0 does not depend on t.
From here we have

HUHEIZO(QT) < CZ(”fH%(Qﬂ + ||utH%2(QT))'
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Therefore, u € H**(Qr). m

Similarly, we have analogous result for strong solutions of problem (1),
(11) and (3).

THEOREM 8. Suppose all the conditions of Theorem 6 hold. Let u be a
strong solution of problem (1), (11) and (3). Then u € H*Y(Qr).

The author is grateful to Professor A.L. Skubachevskii for constant at-
tention to this work.
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